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Abstract 

Let E be an elliptic curve denned over Q by one of the following Weierstrass equations 
y 2 + a\xy + a^y — x 3 + (I2X 2 + a^x, 
V 2 + a3V = x 3 + a 6 , 

where a, £ Z. If z — —x/y, we find the z-power series expansion of the invariant differ- 
ential loe of E. As an application, we use Atkin-Swinnerton Dyer congruences to relate 
the coefficients of the expansion of lje to the coefficients of the modular form associated 
to E. 



1 Introduction 

Let E be an elliptic curve denned over Q described by the Weierstrass equation 

y 2 + aixy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 , cij G Z. 
Choosing a local parameter z = —x/y for E at its origin Oe, one can associate to E a 

oo 

power series w(z) = '^^s i z l G Z[a 1; a 2 , a 3 , a 4 , a 6 ][z]. Consequently, there are Laurent 

n=0 

series expansions for the coordinates x(z) and y(z). In fact, since the pair (x(z),y(z)) 
gives a formal solution for the Weierstrass equation describing E, rational points on E 
can be produced by choosing z G Q. 

Furthermore, the invariant differential oje of E can be expressed as a power series. 

The formal logarithm of E is the formal integral log E (z) = J Ue(z). The formal group 
associated to E over Z is F(X, Y) = log^ 1 (log E (X) + log E (Y)). 

oo 

Honda in [5] found an interesting link between the L-series L(s) = '^^c n n~ s of an 



n=l 

oo 



elliptic curve E and the formal group associated to E. If one sets g(x) = 1 c n 



n=l 



then G(X,Y) = g^ 1 (g(X) + g(Y)) is a formal group over Z, moreover, G(X,Y) is iso- 
morphic to the formal group law F(X, Y) associated to E over Z. The isomorphism 
between these formal groups is made explicit to produce Atkin-Swinnerton Dyer congru- 
ence relations. These congruence relations connect the coefficients of the L-series and 
the coefficients of the power series expansion of the invariant differential ue- The mod- 
ularity of elliptic curves E defined over Q implies the existence of a set of congruence 
relations between the coefficients of the modular form attached to E and the coefficients 
of the power series expansion of uje- 

The above discussion indicates that explicit formulas for the coefficients of the power 
series of uje will provide us with information about formal groups, L-series and modular 
forms associated to elliptic curves. The only explicit description for the power series of 
uje can be found in [2] when E has a rational 2-torsion point, i.e., when E is described 
by a Weierstrass equation of the form y 2 = x 3 + a 2 x 2 + a^x. It is shown that oje = 

oo 

P n (^a 2 / \/Aj ( v ^) wnere * s ^ ne ra ~th Legendre polynomial and A = a 2 .— 

n=0 

a 4 . This enables the authors to find explicit congruence relations satisfied by Legendre 
polynomials using Atkin-Swinnerton Dyer congruences and sharper congruences using 
other techniques when E has complex multiplication. 

More combinatorial quantities appear as coefficients of invariant differentials. In [9], 

/ \ 3 

the integers (— l) m ^^ It) a PP ear as the coefficients of the holomorphic differential 

form of a model of a i^3-surface. In [TP] . Apery Numbers, ( , J ( » )> which 

appear in Apery's proof of the irrationality of £(2) and £(3) turn out to be the coefficients 
of the holomorphic differential form of a model of a i^3-surface. 

In this note, we investigate a larger family of elliptic curves. We write explicit 
formulas for the £-power series expansion of the invariant differentials of elliptic curves 
described by y 2 + a^xy + a 3 y = x 3 + a 2 x 2 + a 4 x and y 2 + a 3 y = x 3 + a 6 . One finds a 
power series solution to the functional equation satisfied by w(z) and use this to find a 
z-power series expansion for uje- Several combinatorial numbers appear as coefficients 
of these power series. These numbers include 

E^ n ^ k (m\(m-k\(m-2k\( k \ 

m=\n/2\ k=0 r=0 V/V /V /V 7 



fc=L(n-l)/2j 



k ) \n — k — 1 
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and hence we have families of congruence relations satisfied by the coefficients of the 
modular forms of these elliptic curves, and an explicit description of the formal loga- 
rithms of the formal groups associated to them. Indeed using these congruence rela- 
tions together with Hasse's bound for modular coefficients, one can find the modular 
coefficients explicitly. For instance some vanishing results of modular coefficients are 
illustrated throughout the note. 

It is worth mentioning that although one can find for any Weierstrass equation the 
power series w(z), it is not clear for the author how to use it to obtain simple formulas 
for the invariant differential when 7^ for every i. However, the two families of 
Weierstrass equations that we treat are broad enough to include elliptic curves with 
rational torsion points for example. 



2 Formal groups of elliptic curves 

Let E be an elliptic curve defined over the rational field Q. Assume that E is described 
by the following Weierstrass equation 

y 2 + aixy + a 3 y = x 3 + a 2 x 2 + a 4 x + a 6 , a; e Z. 

We furthermore assume that the Weierstrass equation is globally minimal. Let A be the 
local ring of functions defined at the origin Oe, and A the completion of A at its maximal 
ideal. Then A is isomorphic to the power series ring Q{zJ where z is a parameter at the 
origin. This is used to express the Weierstrass coordinates as formal power series in z. 
More explicitly, we set 

x 1 
z — — , and w — — 

y y 

Now z is a parameter at the origin (z,w) = (0,0). The Weierstrass equation for E 
becomes 

w = z 3 + aizw + a 2 z 2 w + a 3 w 2 + a^zw 2 + a e w 3 
substituting the equation into itself recursively we write w as a power series in z 

w ( z ) = ^2 s i zl e Z[ai, . . . , a 6 ] \z\ 

i>0 

where 

so = si = s 2 = 0, s 3 = 1, and, 

s n = ai« n _i + a 2 s n - 2 + a 3 ^2 SkSl + ° 4 SkSl + ae ^2 SfcS;Sm ' n - 4 - 

k+l=n k+l=n—l k+l+m=n 

(1) 
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The reader can consult [TJ and Chapter IV in [8]. Formal series expressions for x and y 

z — 1 

can be deduced and v(z) = — — • Therefore, the pair (x(z),y(z)) is a 

v ; w(z) yv ; w(z) ' J,yy 11 

formal solution to the Weierstrass equation of E. 

The invariant differential uje of E can be expressed as a formal power series in z 

, oo 

UE = TT—o T = J^Kn)^- 1 dz, bin) e Z, 6(1) = 1. 

6x z + 2a,2X + d4 — aiv 

n=l 

The formal logarithm associated to E is f(T) = / ue(T), hence the formal group 

Jo 

associated to E over Z is given by 

FiX,Y) = f- 1 (f(X) + f(Y)). 

In [5], Honda introduced an intriguing relation between the L-series of an elliptic 
curve and the formal group corresponding to this elliptic curve. Briefly, the local L- 
series L p attached to E at some prime p is defined as follows 

L p is) = il-t p p- s + u p p l - 2s )- 1 

where (t p , u p ) = (1 + p — A p , 1) if E has good reduction modulo the prime p and A p is 
the number of points on the reduced curve E mod p, (t p ,u p ) = (0,0) if E has additive 
reduction, and (t p ,u p ) = (1,0) or (—1,0) if E has multiplicative reduction and the 
tangents at the double point have rational slopes over ¥ p or not respectively. The 
L-series associated to E is defined as 

oo 

Lis) = Y[L P is) = ^c n n- s 

p n=l 



where c p = t p for p prime. Let g(x) = > n 1 c n x n . The formal group associated to the 



oo 

jp = l p ior p prime. j_/ei yyx) = r~ 1 

n=l 

L-series is defined as G(x,y) = g~ l igix) + g(y)). The following theorem was proved by 
Honda in [S] for elliptic curves with no bad primes at 2 and 3, and was extended in [1] 
to include any elliptic curve over Q. 

Theorem 2.1. Let E be an elliptic curve over Q and let F{x,y) be the formal group 
associated to E over Z. Let Gix,y) be the formal group associated to the L-series of E. 
Then F{x,y) is defined over Z and is isomorphic over Z to y), i.e., there exists a 
power series <f>(X) G Z[X] such that <f>(F(X,Y)) = G(0(X), 0(F)). 
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The above theorem implies that g(x) =/(</> l (X)). Expanding this out in terms of 
coefficients yields the Atkin-Swinnerton Dyer (Honda-Cartier) congruences, see [3]. 

Theorem 2.2. Let E,b(n),t p ,u p be defined as above. One has 

b(np) — t p b{n) + pu p b{n\\p) = mod p s if n = mod p s ~ l 

where b(n\\p) =0 if p\n and b(n\ \p) = b(n/p) if p\n. 

Corollary 2.3. If E has good reduction modp, then 

a) b{p) = t p mod p; 

b) b(np) = b(n)b(p) modp ifp\n; 

c) b(np) — t p b(n) + pbinjp) = mod p s if n = mod p s ~ l , s > 1 . 
If E has multiplicative reduction, then 

a) b{p) = tp mod p; 

b) b(np) = tp b(n) mod p s for n = mod p s ~ l , s > 1. 

where t p = 1 or —1 according to the tangents at the double point having rational slopes 
over F p or not respectively. 

If E has additive reduction modp, then b(np) = mod p s if n = modp s ~ x . 

The modulartiy of elliptic curves over Q implies that if the L-series of E is Le(s) = 

oo oo 

c n n~ s , then the generating function f(q) = c n q n of the coefficients c n is a modular 

n=l n=l 

form where q = e 2mr . 

As we will compute different power series expansions, we will need Lagrange Inversion 
Theorem. If <p{x) is a power series, then [x n ]0(x) denotes the coefficient of x n in 4>(x). 

Lemma 2.4. Suppose u = u(x) is a power series in x satisfying x = u/(p(u) where <p(u) 
is a power series in u with a nonzero constant term. Then we have 

\x n }u(x) = - \u n - l }<p n (u). 



n 



3 The elliptic curve y + a\xy + a^y = x + a^x + a^x 

In this section we consider elliptic curves over Q given by the Weierstrass equation 
y 2 + a\xy + a 3 y = x 3 + a^x 1 + a^x where ai G Z. Set z = —x/y to be a parameter at 
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the origin, and w — — 1/y. According to eq ([I]), w(z) = s n z n , where so = si = s 2 = 

n=0 

0, S3 = 1 and 

fc+i=n k+l=n— 1 

The generating function 10(2;) of the sequence (s n )^L Q satisfies the following functional 
equation: 

w(z) = z 3 + aizw(z) + a 2 z 2 w(z) + a 3 w(z) 2 + aizw(z) 2 . 
The above equation is quadratic in u(z). As a consequence, one has 

l — aiz — a 2 z 2 - a/(1 - a x z - a 2 z 2 ) 2 - Az 3 (a 3 + a A z) 

w \ z ) — — 7T, s • (2) 

V ' 2(a 3 + a 4 z) v ; 

We chose the negative sign because the positive sign would force w(z) to have a pole at 
z = 0. Recall that x(z) = z/w(z) and y(z) = —l/w(z). The invariant differential uje of 
E is given by 

UE = d JL dz 

3x 2 + 2a 2 x + 0,4 — ctiy 3(z/w) 2 + 2a 2 (z/w) + a 4 — Oi(— 1/w) 
— a; 

= 2k ^ (3) 

3z 2 + 2a 2 zw7 + a^w 2 + aiw 
We use Mathematics, [7J, to substitute (j2J) in the formula for oje to obtain 

CJg; = — dz 

y(l — — a.2-2 2 ) 2 _ 4z 3 (a 3 + a 4 2;) 



a/1 — 2(ai + 02-2)2; + [(ai + a2^) 2 — 4(a3 + a^z)z] z 2 

Before we proceed to the main result of this section we need to recall the definitions 
of Legendre polynomials P n (x) and generalized central trinomial polynomials T n (x,y), 
see pj] for example. 

A Legendre polynomial P n (x), n > 0, is defined as follows 

\n/2\ 



PM = 2^.dx^ {x - 1} "^EC-D UJl n J 

fc=0 \ / \ / 

and the generating function of Legendre polynomials is given by 

1 00 



n-2fc 



VI - 2xt + t 2 

v n=0 



The generalized central trinomial polynomial T n (x,y) is given as follows 

L«/2J , w _ p 



L"7^J / \ / 

T ri (x, 2/ ) = [r](t 2 + a ;t + yr= g (jj ^ 



k i x y 



and the generating function is given by 

1 



= ^T n (x,y)r. 



One can deduce an immediate relation between the polynomials T n and P n , namely 



T n (x,y) = (y/x*-4y) n P n 



x 



\/x 2 -4y 



Theorem 3.1. Let E : y 2 + a±xy + a$y = x 3 + a^x 2 + 04a;, ai G Z, be an elliptic curve 
over Q. Let z = —x/y be a local parameter at Oe- The z-power series expansion of uje 



is given by b(n + 1) z n dz, where b{n + 1) is 



n=0 
\m/2\ n - m -k 



E E E 

m=\n/2\ k=0 r=0 



m\ fm k\ (m 2k\ ( k ■■ m _ 2k _ r r ofc-n+m+r n-m-k-r 



1 , ■ i a i "■>":; " < 

k/\ k J\ r I \n — m — k — r ; 



PROOF: We have already shown that u> E = = dz. 

a/1 — 2(ai + aiz)z + [(ai + a 2 z) 2 — 4(a3 + a^z)z\ z 2 

We compare the formula for 00 e with the generating function of the generalized central 
trinomial polynomials. One concludes that 

00 

u E = T m (qj + a 2 z, (q 3 + a A z)z) z m dz. 

m=0 

Now one has 

T m {a x + a 2 z, (a 3 + a 4 z)z) = J \ fc J( a i + M™" 2 ^ + a 4 z) V 



fc=0 

■ £(:)(V)(s( m T tt )«^^e 



a^V^' j z k 



m \ 1 m — k\ ^ — - / \ / m — 2k\ / k 



- E 7 TEE 



. /c 7 V 7 \ V r / \s — r 

k=0 v 7 v 7 s=0 \r=0 



m—2k—rrk—s+rs—r \ s+k 



For the third equality we applied the formula for multiplying polynomials. Now, 

oo 

b(n + 1) = [z 11 } u E = [z n ] T ™ (01 + a 2 z, (o 3 + a±z)z) z m 



m=0 

oo [m/2\ m-k s 

=*iEEEE 



m\ fm — k\ (m — 2k\ ( k 



m—2k—rrk—s+rs—r s+k+m 



m=0 fc=0 s=0 r=0 V 7 V 7 V 7 V 

Therefore, 6(n + 1) consists of the sum of the coefficients for which s + k + m = n. Since 
< s < m — k, one has n < 2m. Moreover, m cannot exceed n. It follow that b(n + 1) 
is 



n [m/2\ n-m-k / \ / ; \ / o ; \ / ; 

m\ m — k\ m — 2k\ I k 



E E E 

m=[n/2j A:=0 r=0 



n — in — k — r 



m—2k—r r 2k—n+m+r n—m—k—r 



□ 



The following corollary presents a set of congruence relations satisfied by b(n + 1) 
modulo all but finitely many primes. 

Corollary 3.2. Let E/Q be an elliptic curve described by y 2 + a\xy + a^y = x 3 + a2X 2 + 
(I4X. Let Ae be the minimal discriminant of E. Let p be a prime satisfying p \ Ae, A p 
the number of rational points on E mod p, and t p = 1 + p — A p . Assume further that 
ue = 2~2^=i b{n) z n ~ x dz where z = —x/y and b(n) is given in Theorem \3.1\ Then 

a) b{p) = t p mod p; 

b) b(np) =b(n)b(p) mod p ifp\n; 

c) b{np) — t p b(n) + pbinjp) = mod p s if n = mod p s ~ x , s > 1. 



PROOF: This is corollary E3J □ 

We will give a few examples of families of elliptic curves E with interesting z-power 
series expansion of ue- 

Example 3.3. Let E/Q be an elliptic curve described by y 2 = x 3 + a^x. One has 



U E = ; 1 dz = Y ( 2n ) alz^ n+1 ^ 1 dz. 

Similarly, the invariant differential of E : y 2 + a 3 y = x 3 is 

u E = , 1 dz = Y ( 2n ) a^ 3n+1 ^ dz. 
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Corollary 3.4. Let a be a nonzero integer, and p a prime such that p \ 2a. Set t p 
1 + p — A p where A p is the number of points on E : y 2 = x 3 + ax mod p. One has 

a) t p = if p = 3 mod 4; 

If p = 1 mod 4, then 



b) t p = (p-i) mod V, 

np—l \ /n— 1\ / p— 1 



C ^ (^np-i J = J ^£-1 J rnodpifn=l mod 4. 

^ (s) +p =° modp2 - 



Proof: One needs to observe that b(n) = if n = 3 mod 4, and that A# = —64a 3 . 
For (a), a theorem of Hasse implies that \t p \ < 2^/p. Since t p = mod p if p = 3 mod 
4, it follows that t p = 0. □ 

Corollary 3.5. Let a be a nonzero integer, and p a prime such that p \ 3a. Set t p = 

1 + p — A p where A p is the number of points on E : y 2 + ay = x 3 mod p. One has 

a) t p = if p = 2 mod 3; 
If p = 1 mod 3 ; t/ien 



^ *p = p-| J "™dp; 



3 

c ) [ np\ J = [ Ji A J mod P ifn=l mod3. 



particular, y ^ 2 i 'J — t p y j + p = modp 2 . 



3 ^3 



PROOF: The corollary follows from b(n) = if n = 2 mod 3, and A^ = — 27a . □ 
The following example appears in the proof of Theorem 1 of [2] . 
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Example 3.6. The invariant differential of E : y 2 = x 3 + (I2X 2 + a^x is given by 

j X 

= — ; = > T n (a2, aAz 2n . 

y/l - 2a 2 ^ + (a* - 4a 4 )^ ^ 

We can now relate T n (a2, 04) to the coefficients of the modular form attached to E using 
Corollary 12.31 



4 The elliptic curve + a^y = x 3 -\- ciq 

We consider the family of elliptic curves defined by y 2 + a 3 y = x 3 + a 6 , a, G Z. We 

00 

set z = — x/y and w(z) = —1/y = s n z n , where so = si = S2 = 0, S3 = 1 and 

n=0 

s n — a 3 SfcSi + a 6 s k sis m , n > 4. Now iz;(z) satisfies the following functional 

k+l=n k+l+m=n 

equation 

= z 3 + a 3 w(z) 2 + a G w(z) 3 . 
The latter equation can be written as 

v = z 3 = w{z) (l - a 3 w{z) - a 6 w{z) 2 ) = — — 

1/ (f - a 3 w{z) - a 6 w{zy) 

We now can apply Lagrange inversion Theorem, Lemma [2.41 One obtains 
, , . 1 , . n _ Xl / 1 



f W 1M = — W 



n \ 1 — (I3W — <xqw 



-K -1 ]£(-l) fc ( n )(a 3 + a 6W )V 

'/„\ 

fc— j j 7'4-fe 



n 

fc=0 

fc=o i=o v 7 VJ 



1 E 



n ' \ k J \n — k — 1 

fc=L(n-l)/2j 



2fc-n+l ra-l-fc 

in Lie 



Theorem 4.1. Lei 6e an elliptic curve defined over Q by the Weierstrass equation 
y 2 + a 3 y = x 3 + ag. Let z = —x/y. The z-power series expansion of the invariant 
differential ue of E is given by 



to 



PROOF: The invariant differential of E is defined by loe = — -tt dz, see 02]) • The result 
now follows as we have shown that 



'n + k — l\ / k 



, n ^— ' V J \n — k — 1 

n=l \ fc=|_(n-l)/2j 



2fc— n+1 n— fc— 1 I 3n 



□ 



One can apply Atkin-Swinnerton Dyer congruences to the elliptic curve E defined 
over Q by the Weierstrass equation y 2 + a 3 y = x 3 + a e . In particular, if p is a good 
prime of E, then using Hasse's bound, \t p \ < 2-y/p, one has t p = if p = 2 mod 3, 

moreover, r p = I 3 I I p _ x la 3 «6 moc ^ p it J> = 1 mod 3, 

where t p = 1 + p — A p and A p is the number of points on E mod p. 

The following example corrects the recurrence relation in Theorem 1.2 of [6]. 

Example 4.2. The invariant differential of the elliptic curve E : y 2 = x 3 + a§ is 



- B =E(t-"i 3 )°«" V6 " 5) " lliz - 



Therefore, t p = if p ^ 1 mod 6, and t p = \^ p *iJq$ ^ 6 if p = 1 mod 6. 

Remark 4.3. Given Theorem 13.11 and Theorem 14. 1} one can produce a large number 
of congruence relations relating combinatorial objects to coefficients of modular forms, 
and congruences satisfied by the combinatorial quantities themselves. All one needs is 
applying these theorems and Atkin-Swinnerton Dyer congruences to different families 
of elliptic curves described by Weierstrass equations of the form given in §3 and §4. 

For example, elliptic curves with n-torsion points are parametrized by Tate's normal 
form. In other words, an elliptic curve E n /Q with a rational n-torsion point (0,0), 
n > 4, is described by the following Weierstrass equation 

y 2 + (1 — c)xy — by = x 3 — bx 2 , c, b G Z. 

According to Theorem 13.11 the invariant differential of E n is 

dz °° 
u E = , = b(n)z n ~ 1 dz, 

y/l - 2(1 - c - bz)z + [(1 - c - bz) 2 + 4bz}z 2 ^ 
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where 

n-l [m/2j 



•M-i:E(:)(V)(.-r-liK^ 

m=0 k=0 v 7 v 7 v 7 



2m— n— fc+1/ L\n— m— 1 



6) 7 



One obtains congruence relations satisfied by b(n) using Corollary 13.21 For instance, if 
we assumed further that c = b = 1, then the L-function of i£ is given by 



oo 

C 



= e ^ where e c ^ n = 9 n^ 1 - ^ 2 n^ 1 - ? 

n=l n=l n=l n=l 



117^2 



see [12] . Therefore, if p ^ 11, then one gets 

b(np) — c p b(n) + pb{n/p) = mod p s if n = mod p s_1 , s > 1, 

where 

m=0 fc=0 \ / \ / \ 
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